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Stall-Flutter Analysis

Lars E. Ericsson* and J. Peter Redingf
Lockheed Missiles & Space Company Inc., Sunnyvale, Calif.

Dynamic stall and stall flutter, problems that have received a great deal of attention by the heli-
copter and compressor industry in the past, have recently become of great concern also to the aero-
space industry because some of the winged space-shuttle vehicles will experience stall flutter in
their transition from very high hypersonic entry angles to the substall angles of attack of the sub-
sonic cruise portion of the reentry. Stall flutter is caused by the negative aerodynamic damping
generated at stall penetration. An analysis is presented that can predict the stall-flutter boundaries,
using static experimental data as an input. It is shown that the stall-flutter boundary measured in
a subscale wind-tunnel test is representative of the true full-scale flutter boundary of a space-shut-
tle vehicle in its transition maneuver.
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Nomenclature
= speed of sound
= aspect ratio, AR
= wing span
= reference length: c = 2-D chord: c = S/b
= lift: coefficient CL = L/[(Poo Ufa

2}/2]S
= section lift: coefficient ct = l/[(pm U*,2)2\c
= Mach number
= pitching moment: coefficient Cm = Mp/[(p
- section pitching moment: coefficient cm = j
= static pressure: coefficient Cp = (p - p «, )/(pao U<» 2/2)

'c= Reynolds number based on chord length
= nose radius
= reference area
= Strouhal number of cylinder wake shedding So
= time
= velocity
= flutter speed
= velocity ratio, v = Ue/U.*>
- length coordinate along the chord
= airfoil surface height
= angle of attack
= increment
= dimensionlessy-coordinate, 77 = y/c
- angle-of-attack perturbation
= dimensionless x-coordinate, £ = x/c
- air density
= nondimensional nose radius, pN = rN/c
= oscillation frequency
= reduced frequency, w = wc/U
- reduced frequency of cylinder wake shedding,

(diameter)/[/oo

2}/2]Sc
^ U«,2/2)c2

o>o/27r

= co x

Subscripts
AM
e
N

= apparent mass
= boundary-layer edge conditions
= nose

s = stall
SLE = shock-augmented leading-edge separation
STE = shock-augmented trailing-edge separation
0° = undisturbed flow
1,2 = numbering subscript
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Differential symbols

B = dO/dt
a = 82a/dt2

cme = dCm/d c8/U
Cme - linear measure of nonlinear damping

Introduction

THE problem of stall flutter, which is of great concern to
the helicopter and compressor industry, has recently be-
come of significant interest to the aerospace industry.
Some of the proposed space-shuttle configurations have
wings that will be subject to stall flutter at some time pe-
riod during the transition maneuver from very high hyper-
sonic entry angles to substall angles of attack for subsonic
cruise.1

The problem of stall flutter,2'3 like that of launch vehi-
cle buffet,4'5 is caused by separated-flow-induced negative
damping and is not usually the result of resonance be-
tween structural oscillations and dominant harmonics in
the aerodynamic forcing function. The forcing function is
present and is important, but stall flutter cannot be elim-
inated by avoiding a critical structural frequency or
staying away from the vehicle velocity giving the resonant
(reduced) aerodynamic frequency (the critical Strouhal
number). Stall flutter is present at all frequencies where
negative aerodynamic damping exists. It can only be elim-
inated by decreasing the negative aerodynamic damping
until it is less in magnitude than the structural damping.
Usually, this balance is obtained only after the oscilla-
tions have reached a limit cycle amplitude, in which case
the structure dissipates energy at the same rate as the
surrounding airstream delivers energy to the airfoil.

Because of the complexity of the stall-flutter problem,
almost all contributions toward an understanding of the
phenomenon have been the result of systematic experi-
mental investigations. Since the classical investigation by
Halfman et al.6 "two-dimensional" unsteady airfoil stall
has received much attention.7'9 However, even the results
of dynamically scaled model tests may not be applicable
to full-scale flight because of interference effects from
model supports and wind-tunnel walls or side plates.10

The alternative approach, testing a subscale model of an
actual component (e.g., a helicopter rotor), involves the
usual Reynolds number scaling problem as well as wall in-
terference effects. Where detailed instrumentation is used,
however, valuable information can be obtained about air-
foil stall without end-plate effects.11-13
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Fig. 1 Predicted and measured pitch damping at low fre-
quency.

It is clear that neither test nor theory alone will provide
a satisfactory solution, at least not in the near future.
This situation is likely to prevail even when considering
the recent resurgence of theoretical attacks on the dynam-
ic stall problem.12'14'15 The only realistic approach is to
combine theory and experiments to provide the capability
for prediction of dynamic stall and stall flutter. The stan-
dard approach has been to use dynamic experimental data
to provide a semiempirical theory.1'2'6'8'16'18 The disad-
vantage with this approach is that the method is very
configuration-dependent and requires dynamic test data
which are always expensive to obtain and not always reli-
able to use.10

This paper presents an alternative approach. The un-
steady aerodynamic characteristics are related theoreti-
cally to static aerodynamic characteristics. Static experi-
mental data are readily available for a great number of
airfoil shapes, and new data, if needed, are relatively
cheap to obtain. Preliminary results show good agreement
with experimental dynamic stall data.19 The analysis has
since then been extended to higher frequencies and to in-
clude compressibility effects.20 This analysis is applied
here to determine the boundaries for stall flutter, in par-
ticular for the straight wing of one candidate space-shut-
tle configuration.1

Analysis

The two flow phenomena that cause stall flutter are 1) a
dynamic overshoot of static stall and undershoot of static

o NO FLUTTER

4 LOW DAMPING

V/(ccu/2) = 2/oT • STALL FLUTTER

5 i

reattachment loads, and 2) an additional lag of the deep
stall airloads over and above the attached flow Karman-
Sears vortex-wake-lag.21 The overshoot is the result of
pressure-gradient lag and dynamic improvements of the
boundary-layer shape parameter upstream of separation.20

The additional deep-stall lag effect is generated by the
separation point velocity relative to the airfoil sur-
face.20'22 The analytic theory for prediction of the non-
linear unsteady characteristics of an airfoil penetrating the
stall region at finite oscillatory amplitudes is presented
elsewhere.23 An example of agreement between the exper-
imentally observed7 and predicted23 negative damping is
shown in Fig. 1. It can be seen that the damping deriva-
tive varies very steeply with a at the stall-flutter bounda-
ry, Cm'e = 0, for pitch oscillations of 5° amplitude. It
therefore would be expected that the stall-flutter bounda-
ry for finite amplitudes is not much different from that for
infinitesimal amplitudes. This expectation is confirmed
by experimental results,24 and also by theoretical argu-
ments, as will be shown later. The stall-flutter boundary
is determined by using static experimental data in combi-
nation with theoretical arguments.

Stall-Flutter Boundary

The stall-flutter boundary for a space-shuttle wing con-
cept determined by wind-tunnel tests of an elastic
model25 is shown in Fig. 2. The stall-flutter region con-
sists of high- and low-angle-of-attack boundaries. It disap-
pears at high-Mach-number/low-reduced-frequencies and
has also a low-Mach-number/high-reduced-frequency cut-
off.

The high and low a-boundaries are determined by the
dynamic overshoot of static stall and undershoot of static
reattachment, respectively. The high a-limit is simply the
highest a at which an airfoil describing torsional oscilla-
tions of high frequency and small amplitude will have at-
tached flow on the "upstroke"; that is, the highest a at
which the dynamic boundary-layer improvements are
large enough to produce attached flow. Conversely, the
low a-limit is the lowest a at which the airfoil can get
separated flow on the "downstroke." The high-Mach-
number cutoff is a compressibility effect, and the low-
Mach-number/high-reduced-frequency cutoff is caused by
wake-shedding phenomena.

Dynamic CLmax

Substantial overshoot of static CLmax has been observed
on aircraft penetrating the stall region at non-zero pitch-
up rate, as shown in Fig. 3.26 The figure shows that the
overshoot slopes dC^max/dCc^/L^ ) are essentially invar-
iant with Mach number and/or Reynolds number. Figure
3 also indicates that there is an upper limit for the dy-
namic over-shoot of the static CLmaK. It will be shown that
this limit, which is designated (CLmax)iimit determines
the upper boundary aSmax for stall flutter.t The third im-
portant feature presented in Fig. 3 is the drastic change of
(CLmax)limit with Mach number and/or Reynolds num-
ber. It will be shown that this is mainly a Mach number
effect, and is providing the high-Mach-number/low-fre-
quency cutoff of the flutter region.

Several reasons can be given for the dynamic overshoot
of static stall.19'20 The dominant reason is the favorable
influence on boundary-layer thickness and shape parame-
ter of pressure gradient lag and "moving wall" effects.
The moving wall velocity induced by the pitch rate is
negligibly small everywhere but at the leading edge.20

However, the decelerating wall velocity around the leading
edge generates a wall-jet-like effect (see Fig. 4). When the

Fig. 2 Variation of flutter velocity coefficient with angle of
attack for an NACA 64-012 airfoil in air.

JThis ^-overshoot limit, determined from (^-characteristics, is
assumed to be valid also for the Cm-characteristics.
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Fig. 3 Dynamic stall and CLmax overshoot. b. DOWNSTROKE

Fig. 4 Pitch-rate-induced decelerating wall effect.

flow rounds the corner to the upper surface of the airfoil,
the tangential velocity of the wall decreases very rapidly
and the near-wall boundary layer is left with an excess
velocity, strengthening the boundary layer, as is indicated
in Fig. 4a. On the downstroke, the leading edge accelerates
the flow downward, causing a separation-prone boundary-
layer shape change (see Fig. 4b).

There is no experimental data available to prove or dis-
prove this hypothesis. A test of an airfoil with a rotating
cylinder as the leading edge (see inset in Fig. 4) could an-
swer this question. The results obtained by Wallis,27 using
blowing on the windward side of the airfoil (between stag-
nation point and leading edge), tends to lend some sup-
port to this hypothesis. However, Wallis' objective was to
generate small-scale vortices to increase the turbulence in
the boundary layer and thereby simulate an increase of
Reynolds number. The dynamic leading edge effect may
also be one of vortex generation, and it is likely to be even
more complex than that. A detailed answer to this ques-
tion is not needed for the present analysis. The dynamic
leading edge wall-jet-like effect sketched in Fig. 4 is con-
ceptually very appealing, but any other mechanism pro-
ducing similar characteristics would do; i.e., the dynamic
boundary-layer effects are 1) reversible (that is, the effects
are opposite on the "downstroke" to what they are on the
"upstroke") and 2) proportional to the dimensionless an-
gular rate, ca/t/oo, at least to first-order accuracy. The
inviscid pressure gradient lag effect14 over and above the
Karman-Sears vortex-wake lag effect21 is negligible" in "it-
self.23 However, its influence on boundary-layer shape pa-
rameter and thickness, as determined by a quasi-steady
Karman-Pohlhausen-type analysis,28 may not be" negligi-
ble. This effect would also have the postulated character-
istics (reversibility and pitch rate proportionality), and
would be somewhat equivalent to a Reynolds number
change.

The linear dependence of the C^piax-overshoot on the
pitch rate, ca/U, is displayed by the experimental data in
Fig. 3. In regard to (CLmax)iimit, the "ceiling" in Fig. 3,
Wallis' results27 suggest that it should correspond to the
limit of static G^max for infinitely large Reynolds numbers,
(CLmax)Hc^co. This limit should be obtained on an air-
foil reshaped in regard to nose-droop and surface curva-
ture according to the beneficial dynamic pressure-gradi-
ent effect. It appears that when the full beneficial Reynolds
number effects are realized, C^max = (CLmax)flc,-«, the
shape change effects have also reached their limit. It is true
that the ceilings in Fig. 3, which reflect the data-interpre-
tations by Harper and Flanigan,26 could be given a very

slight inclination with increasing ca/U*. This would cor-
relate better with the actual data points, which scatter
around this fairing as much as AC/, = ±0.1. However,
this slope is accounted for in its entirety by apparent-mass
effects; the quasi-steady (CLmax)iimit is the one shown in
Fig. 3.

The only dynamic effects not represented in the above
quasi-steady similitude approach are the transient loads.
The apparent mass effect is as follows:

(Ac,)^ = (C^^ca/Uj = c.la[(cll))AM/cl0i}(cQ>/U00)(l)

Thin airfoil theory gives (AQ)AM = 0.25 Cia(ca/U .): That
is, for the pitch rates of interest here, ca/U'«, < 0.05, the
contribution from apparent mass effects to Cjmax is

30 o>°
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Fig. 5 Time histories of dynamic leading-edge stall.
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Fig. 6 Cjmax as a function of Rc and ca/ U& .

(AC/)AM < 0.1, well within the scatter of the (czmax)iimit
data.

More important is the transient lift generated by a
"spilled" leading-edge vortex11'29 or an elongating separa-
tion bubble.15 The test results obtained by Ham and
Garelick11 vividly illustrate this transient lift production
(see Fig. 5). The oscillatory behavior at peak cj is ex-
plained by the "spilled vortex" travel over the airfoil
chord.13'29 However, even disregarding the croscillation,
the overshoot of static Qmax is larger than expected. There
are several explanations for this "super-overshoot" of stat-
ic Qmax- For high (ca/U)-values, the value of c2a/U2 be-
comes important.20'23 Increasing a during the overshoot of
the static stall angle as delays the movement forward of
the separation point to the full deep-stall position, thus
generating extra lift. In the oscillatory case, the overshoot
of as will always occur with a decreasing a-rate; i.e., no
such super-overshoot is expected. A point of some concern
is that the test Reynolds number is such that the static
stall should be of the laminar trailing edge type30 and
that the Ham-Garelick static data show a peculiar over-
shoot of these laminar stall characteristics. Although Ham
and Garelick seem to have been rather careful to avoid
most of the pitfalls associated with so-called "two-dimen-
sional" stall tests,10 this overshoot already at ca/U = 0
creates some uncertainty about the true cause of the
super-overshoot at high ca/U. The use of a row of pressure
orifices in combination with endplates can possibly pro-
duce a distorted view of dynamic two-dimensional stall,
even for large-span models.10

Since the presentation of the above speculations,§ some
readers have questioned the advisability of publishing
such speculations without more supporting data. The MIT
research under the direction of Ham has provided indus-
try with fundamental new knowledge about the dynamic
stall process. Because the results are so fundamental and
are used so widely, the present authors felt that it was im-
portant to bring into the discussion everything that could
help explain this "super-overshoot." There is now data
available that supports our speculations.31'32 IJMoss and
Murdin31 found that their NACA 0012 "two-dimensional"
wing (with span-to-chord ratio of 3.75; the effective**

§AIAA/ASME/SAE 13th Structures, Structural Dynamics, and
Materials Conference, San Antonio, Texas, April 10-12, 1972.

1|The reports were available already in 1969 and 1970 in the
form of RAE Technical Report 68104 and NPL Aero Report 1309.
However, the present authors' literature research did not uncover
them.

**The span-to-chord ratio is 8.4, but the chord-wise pressure
distribution was measured at 43% of semispan and not in the
midspan section.

ratio for Ham et al. is 4.8) had a midspan stall-cell that
was "vented" through a horseshoe vortex. Gregory et al.32

continued to investigate in more detail this separated
flow phenomenon. They concluded that not only is the flow
taking on a three-dimensional character when there is an
appreciable extent of separated flow, but boundary-layer
control applied in the corners at the ends of the airfoil, as
has been used by Liiva et al.,7 for example, does not nec-
essarily inhibit the development of three-dimensionality
even when it extinguishes the separation in the airfoil-
endplate corner (The investigated span-to-chord ratios
ranged from 1.28 to 2.8).

McCroskey, and Fisher13 found in their detailed mea-
surements of dynamic stall on a subscale model of a heli-
copter rotor that 1) the pressure distribution at stall var-
ied in a manner that would be explained by a "spilled"
leading edge vortex, and 2) the large sectional normal
force measured at dynamic stall on the rotor blade corre-
lated rather well with that measured by Ham and Garel-
ick.31 That is, the "two-dimensional" test11 provided a
fairly good simulation of three-dimensional dynamic stall
on a helicopter blade.13 According to the ideas put forth
in the present paper (and in Ref. 23), the reason for the
correlation of this "super-overshoot" is a similarity in the
"non-two-dimensional" steady-state flowfields, and not a
similarity between basically two-dimensional unsteady
airfoil stall characteristics as has been assumed before by
most researchers, including the present authors.29

McCroskey and Fisher showed that the "super-overshoot"
could indeed be explained by static three-dimensional
flow effects (Fig. 15 of Ref. 13). If full-scale experimental
static data was used, the large normal force overshoot in
the subscale dynamic model test (at an order-of-magni-
tude lower Reynolds number) could be predicted using the
unsteady semiempirical theory based on oscillatory stall
measurements.7 This result supports the dynamic leading
edge effect—infinite Reynolds number similarity proposed
in the present paper. We suggest, therefore, that the
agreement between the Ham-Garelick two-dimensional
test data and the three-dimensional section characteristics
measured by McCroskey and Fisher could be fortuitous;
that is, the reason for the similarity could be that in the
Ham-Garelick test the wing-side wall horseshoe vortex de-
scribed by Moss and Murdin31 supplied venting of the
separated flow region in a manner similar to the venting
provided by the tip vortex from the rotor blade in the
McCroskey-Fisher test.

When static cZmax vs Reynolds number is plotted,30'33

together with dynamic cimax versus pitch rate (ca/t/),11'26

it is again found that the Ham-Garelick data overshoot
the results from other tests (see Fig. 6). The cimax data
obtained by Liiva et al.7 in pitch oscillation tests seem to
"level out" at the same level as the corresponding end-
plated static data for Rc^» °°. This limit is reached al-
ready at ca/U =. 0.2, for both rampwise and oscillatory
change of pitch rate. That means that the limit in oscilla-
tory tests is reached at the amplitude A0 = 0.2/d> ^ (co) ~1

deg. As co typically is larger than unity in a flutter test25

(see Fig. 2), the infinite Reynolds number limit is ap-
proached already for amplitudes below A0 = 1°. Thus, one
can assume the dynamic overshoot in a flutter test to be
the maximum possible; i.e.,

w l max/dyn — v ^ Z m a x / l i m i t — w I max/R - (2)

Figure 3 shows that this limit is quite sensitive to Mach
number.

Effect of Compressibility on (cZmax)iimax^limit

At first glance, the data in Fig. 3 indicate that the dif-
ferent (CLmax)iimit-values for M < 0.4 are caused by
Reynolds number variation, rather than compressibility
effects. Although the assumption of incompressible flow
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results for M < 0.4 usually is good, it is completely false
in the case of stall data. The peak velocity on the airfoil
at stall angles of attack is several times higher than at a.
= 0. Using the simple analysis by Ville,34 one can deter-
mine the compressibility effects as follows: Near the lead-
ing edge, all NACA airfoil shapes are well approximated
by a parabola, with the nose radius as the characteristic
length

(3)

The velocity determined by potential flow theory is as fol-
lows for moderate a33 -34

v = Ue/U« = {I0'5 + [1 + (Pjv/2)°-5H/U + P jv/2)°-5(4)

From Eqs. (4) and (5) one obtains

(5)

-5 (6)

Cl
max/LIMIT\

• NACA 23012 WT 0
ZZZ) NACA 2301X FLIGHT >. 02

O NACA2301X WT >.02

REF.

30
36
26

Fig. 8 Maximum lift as a function of Mach number for
NACA-230XX airfoil.

The effect of angle of attack on peak velocity .ratio, as de-
fined by Eq. (6), is illustrated in Fig. 7 for the (pN — a)
range of interest. For a typical nose radius (e.g., PN -
1%), the tunnel Mach number at a = 10° would have to
be Moo < 0.1 in order to correspond to the low angle-of-
attack assumption for incompressibility; i.e., Me < 0.4.
Thus, for all practical purposes there is no such thing as
incompressible airfoil stall. Unfortunately, for most of the
available static stall data, there is no information avail-
able for test Mach number. The range usually given is 150
mph <.•!/„ < 300 mph. This corresponds to 0.2 < Mro
< 0.4. This Mach number range can cause quite a change
in (CLmax)iimit, as is shown in Fig. 3.

In using static experimental data to define the stall-
flutter boundaries, it is apparent from the above discus-
sion that a crucial portion of that task is to be able to pre-
dict the effects of compressibility on dynamic overshoot of
static stall.

The effect of surface slope or thickness is scaled by the
Prandtl-Glauert Analogy35

T?' = — - (1 -M 2)°'5 (7)

This is all right for a sharp leading-edge airfoil at low a,
when maximum velocity is determined by airfoil thick-
ness. However, on a "round-nosed" airfoil at stall, the
maximum velocity occurs at the nose, and surface curva-
ture rather than slope determines the peak velocity. Fol-
lowing the usual procedure—i.e., neglecting the effect of
t\f compared to 77" when determining the curvature—
suggests that near stall, the peak velocity, and hence the
flow separation, is scaled by r;"'. Equations (3) and (7)

U (a = 0)/U (a)
max. / max.

I T

.4

.2

give

That is,

\1.5

l ] * - - - [(1 -M2
2)/(l -

(8)

(9)

The (CLmax)nmit data26 in Fig. 3 and data from a
flight test36 are shown in Fig. 8 as functions of Mach
number. Also shown is the static (Cima^Rc ^°° as ob-
tained trom Fig. 6 for the finite-aspect ratio wing (without
endplate). The agreement between the extrapolation from
static data using Eq. (9) is surprisingly good. The Mach
number spread reflects the uncertainty given in Ref. 30;
i.e., 150 mph < 17". « < 300 mph. The low limit gives very
good agreement with the dynamic data. It is probable that
the low tunnel velocity would have been used for the
CLmax runs due to balance and model load considerations.
The flight- test data are offset from the wind tunnel data.
This could simply be an indication of a bias error in the
flight instrumentation vis-a-vis the tunnel balance in de-
termining Cz,max. Still, the agreement between flight data
and wind tunnel data is very encouraging, considering the
order-of-magnitude difference in Reynolds number; that
is, the hypothesis that Reynolds number is insignificant
for (Cimax) limit seems to be a good first approximation.

Dynamic Reattachment qmin

As the dynamic effects on the dbwnstroke are opposite
to what they are on the upstroke, it could be expected
that the lift at reattachment would approach the limit for
static Cjmax when the Reynolds number approaches zero;
that is,

C z m i n = (Cjmax)* - 0 (10)

Using part of Fig. 6, and adding more of Liiva's data,7
gives the results shown in Fig. 9. It appears that Liiva's
Cimin for oscillatory reattachment approaches qualitatively
the zero Reynolds number limit for static Qmax. An ob-
vious reasonft cannot be found for the undershoot of this
limit for pitch rates in the range 0.2 < ca/U^ < 0.08.
The dynamic data in Fig. 9 are for M < 0.4. As before, for

Fig. 7 Ratios between peak velocities at a = 0 and a > 0 as
function of nose radius and angle of attack.

tfThe data in Ref. 32 suggest that differences in model test
set-up, such as the corner blowing used by Liiva17 but not by
Abbot et al.,33 could account for at least part of this deviation.
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Fig. 9 Cjmax and c/min as a function of Rc and ca/U .

(czmax)/?c^», it will be necessary to account for com-
pressibility effects in regard to (c;rnax)/?c^oc •

The zero Reynolds number limit for Qmax implies that
the separation is fixed, and nose curvature is no longer
important. One would expect that the sharp-leading-edge/
thickness-dominated case, Eq. (7), is the appropriate scal-
ing model. Thus

•M2)]0 '5 (11)

Flight-test data37 for a thick wing in pull-up maneuvers
gives some indication of the appropriateness of Eq. (12).
The flight-test data show also another feature, viz., an in-
flection point in the cZmax(M)-curves. At higher Mach
numbers, the M-dependence given by Eq. (9) is obviously
not valid. When the leading-edge stall is shock induced,
the effect of Mach number on Qmax becomes much less.
Tests indicate that the cZmax(M)-dependence is the same
for rounded leading-edge airfoils as for double circular-arc
airfoils.38 This insensitivity to geometry has also been
demonstrated for other airfoils. Thus, the maximum lift is

o
Fig. 10

0.2 0.4 0.6 0.8 1.0 M
Effect of Mach number on lift-curve slope.

determined by the airfoil thickness, and Eq. (11) applies
for MSLE < M < MSTE. The critical Mach number MSLE is
that giving shock-augmented leading-edge separation. For
Mach numbers above MSTE, the shock* is moving back
towards the trailing edge, and the separation is of the
shock-augmented trailing-edge type. „

It is obviously important to determine MSLE f°r the par-
ticular airfoil of interest. Pearcy39 shows that incipient
separation occurs when the shock strength is P2/P1 ~ 1.4,
and that full, shock-augmented, leading-edge separation
occurs when the local Mach number approaches Me = 1.4
(slightly lower, Me for thinner airfoils than 12%). The cor-
responding Mcc is determined as follows: Determine
£/emax(ao)/f », where a0 is the angle of attack, giving
"flat-top" velocity distribution over the airfoil.33 Deter-
mine L/gjnax(0)/L/emax(ao) and Uemax(0)/Uemax(^s) from
Fig. 7. Thus

'U.

For Me = 1.4, the Mach number ratio corresponding to
Eq. (12) is simply

Memax(«s)/M00 - [Uemax(as)/U00]/O.S5 (13)

For the thick .airfoil, a value of MSLE = 0.30 is obtained.
For the airfoil used in the stall-flutter test,25 NACA 64-
012, the value is MSLE = 0.35.

In summary, then, the compressibility effects on the
maximum lift are given by Eq. (9) when M < MSLE, and
by Eq. (11) when M > MSLE- The reattachment lift Cjmin
is always obeying Eq. (11).

Dynamic Stall and Reattachment Angles of Attack

For the Mach number range M < 0.6, the lift curve
slope variation with Mach number is predicted by the
Prandtl-Glauert compressibility factor35 (see Fig. 10).

(14)

Figure 10 shows that there is a dramatic decrease in cia for
higher Mach num.bers, (e.g., at M > 0.7 for NACA 0012-
63.40 It is likely that this critical Mach number is simply
M = MSTE, as-previously discussed.tt The finite-aspect
ratio (AR) lift curve slope is simply:

cla/irAR) (15)

With the linear relationship: Qmax = Ciaas, one obtains
the following definition of the stall angle of attack as

(<**/<* S = [(1 -M2
2)/(l -Mi2)]2

M<MSLE

(16)
(°is2/0is^Rc - 0° = (°Ls2/0is\\Rc - 0

MSLE<M<MSTE M<MSTE

- (1 -M2
2)/(l -Mi2)

Prediction of Stall-Flutter Boundaries

Stall flutter is the result of the negative aerodynamic
damping that occurs when stall is penetrated, as was dis-
cussed earlier. The high and low a-boundaries for stall
flutter have been shown to be simply amax

t|An increase in cir
when considering as.

ax
38 compensates partially for this loss
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and amin = (as)Rc^o- There is, of course, a strong rela-
tionship between the static a-M stall boundary and the
low a-M boundary for stall flutter. It is a realistic bound-
ary for stall flutter as occurring for increasing angles of at-
tack. However, for the space-shuttle transition maneu-
ver,41 where the angle of attack is continually decreasing,
such a boundary is not realistic according to the present
study. The wing is in deep stall initially, and stall flutter
starts when the angle of attack is decreased below the high-
est value for which reattached flow can be established on
the upstroke. Stall flutter will persist as long as detached
flow can be realized on the down-stroke. Due to the high
reduced frequencies associated with stall flutter of a wing,
these high and low a-boundaries for stall flutter will be close
to the static stall limits for infinite and zero Reynolds num-
ber discussed earlier. The stall flutter a-boundaries deter-
mined in this manner for the NACA 64-012 airfoil tested by
Goetz25 are shown in Fig. 11. The low ^-boundary is con-
servative because of the way the static-stall angle for low
Rc was determined (see inset in Fig. 11). At M = 0.7, the
cja-slope changes drastically for a 12%-thick airfoil, (Fig.
10), thus indicating that MSTE = 0.7; i.e., the shock starts
moving aft over the airfoil for increasing M. The a = con-
stant line for M > MSTE agrees with the combined effect
of c^-loss and cZmax-increase for increasing Mach number.
At some Mach number between M = 0.8 and M = 0.9,
the shock has moved aft of the elastic axis, or nearly so
(the flutter model had 5% structural damping), and flut-
ter is not observed. In other words, this high-Mach-num-
ber/low-frequency cutoff of the flutter boundary is a pure
Mach number effect, independent of reduced frequency
but somewhat dependent upon elastic axis location and
structural damping.

The flutter boundary also has a low-Mach-number/
high-frequency cutoff. It has been speculated that this is a
combined effect of Mach number and reduced frequency
and that the scaling parameter for this effect is the prod-
uct Mco = cco/a. As Freon-12 has half the sonic speed of
air, test in Freon made it possible to increase this param-
eter enough to demonstrate the low M cutoff25 (see Fig.
12). There is a rule of thumb for this cutoff: "No flutter
for cco/a > 1"—a criterion that has been proposed by
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Fig. 11 Predicted and measured boundaries for stall flutter.
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Fig. 12 Variation of flutter velocity coefficient with angle of
attack for an NACA 64-012 airfoil in Freon 12.

Baker.42 However, there are more realistic explanations
for this low-M/high-co cutoff.

Comparing Figs. 2 and 12, one notices that the flutter
boundary in both cases is cut off at co > 2. At high re-
duced frequencies one expects that the natural shedding
of von Karman-type vortices will enter into the problem.
The "dual sheet" Karman vortex shedding from an airfoil
with spoiler will respond with the frequency co^ to airfoil
oscillations at frequency co, where co^ is determined as fol-
lows.43

uw = (1 + £s°-5/2)2 co0 (17)

At stall, the top side separation point moves to the lead-
ing edge, £s = 0, and uw = coo/4. Using the equivalent cyl-
inder diameter, c sin as, one obtains coo = 27nSo/sin as
where S0 « 0.2. With as < 19°, co^ > 1-. If, instead, the
Karman vortex shedding frequency set by the distance
between separation point, £s = 0, and training edge, £ =
1, is considered, exactly half the regular cylinder shedding
frequency is obtained—i.e., co^ = coo/2. This value is in
good agreement with recent results obtained by Scruggs.44

For 12° < as < 19°, co^ is as follows: 2 < co^ < 3; that is,
the following frequency range for the Karman vortex shed-
ding from an airfoil in (deep) stall is suggested:

1 < uw < 3 (18)

This is in the right range for the high-frequency cutoff of
the stall flutter boundary (Figs. 2 and 12), but the ques-
tion of the cause of the cutoff remains. With the separa-
tion point £s free, rather than fixed, there is a mechanism
for initial overshoot and associated motion-dependence of
the frequency and amplitude of the vortex-wake-oscilla-
tion. It has been shown by Parkinson45 that the Karman
vortex shedding off circular cylinders can be both ampli-
tude and frequency modulated (up to 40%) by oscillating
the cylinder normal to the incoming flow. Scruggs has ob-
tained similar results both for cylinders and airfoils;44

that is, when the airfoil oscillation frequency is close to
the wake frequency, strong coupling effects can be expect-
ed. This phenomenon has indeed been demonstrated. Cin-
cotta, Jones, and Walker observed that the vortex wake
damped the cylinder oscillations when the natural fre-
quency was slightly higher than the vortex shedding fre-
quency.46

In order to determine the relative merits of the two ex-
planations for the high-frequency/low-Mach-number cut-
off of the flutter boundary, Rainey's study of the problem3

is consulted. One finds that the "sonic-tip-speed" criteri-
on does not correlate the results whereas the cutoff around
co > 2 seems to occur. The flutter boundary obeys the re-
lationship, cco/a = 2.35 M, which is the same as saying
that the high-frequency cutoff is co = 2.35 (cco/a = co X
M). Thus, it appears that the wake-resonance effect is
best supported by experiments. It is also the criterion
which has a physical explanation, usually a very impor-
tant requisite for any mathematical model of a physical
phenomenon. Stall flutter should again occur at frequen-
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Fig. 13 Predicted stall-flutter boundaries for full-scale flight
Reynolds numbers.

cies substantially higher than the wake frequency w. The
reason that this is not observed in reality could be that a
dramatic reduction of the negative damping should occur
for very high frequencies, d> > 1, when the phase lag of the
deep stall characteristics exceeds ISO0.23

In Fig. 13, the full-scale flutter boundaries predicted
from static data for the NACA 64-012 airfoil are shown.
The present analytic tools predict that the full-scale flut-
ter boundary for the space shuttle transition maneuver,
decreasing a, is the same as for the subscale wind-tunnel
test, whereas the stall-flutter a-M region shrinks consider-
ably for the case of increasing a. It should be emphasized
that this insensitivity to flutter-test Reynolds number for
decreasing a is caused by a saturation of dynamic im-
provements of the boundary layer due to the very high re-
duced frequencies associated with wing stall flutter. In the
present analysis it is assumed that these viscous effects of
the airfoil pitch rate dominate over the inviscid pressure-
gradient effects. This insensitivity to Reynolds number
has recently been observed in stall flutter tests of helicop-
ter rotor blades.47

Conclusions

Several significant conclusions have been drawn from
the results of this study of unsteady airfoil stall and stall
flutter:

a) Stall flutter is caused by the negative aerodynamic
damping generated at stall penetration. The a-boundaries
for stall flutter are the highest and lowest angles of attack
at which such a stall penetration loop can be established.
For the large reduced frequencies associated with wing
stall flutter, these upper and lower a-boundaries are
shown to correspond to the static stall angles of attack in
the limits of infinitely large and small Reynolds numbers.

b) For decreasing angle of attack through the stall re-
gion, as in the case of the space-shuttle transition maneu-
ver, the true full-scale flutter boundaries will be measured
in a subscale wind-tunnel test. These ^-boundaries are
predicted by the presented analysis, using experimental
static data in combination with more or less routine cor-
rections for compressibility effects.

c) The high-Mach-number/low-frequency cutoff of the
stall-flutter region is purely an effect of Mach number.
When the Mach number is increased beyond a certain
critical value, the terminal shock is moving toward the
trailing edge, and stall flutter will not result unless the
elastic axis is far aft of the quarter chord.

d) The low-Mach-number/high-frequency cutoff of the
stall-flutter region is shown to be the likely result of a res-
onance interaction between airfoil oscillation and Karman
vortex shedding rather than the magical benefit of ob-
taining sonic differential sink velocities between leading
and trailing edges (cco/a > 1).

Although the analysis is based on a series of approxima-
tions, and is of semiempirical nature, it is founded on re-
alistic physical flow concepts and should provide a useful

preliminary design tool. As formulated, the analysis will
provide a conservative estimate; i.e., the predicted stall
flutter region is slightly larger than the expected one, as
demonstrated by comparison with experiments.
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